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Abstract
Based in the framework of article [1], where we have pre-
sented the general problems one encounters in the con-
struction of balanced equations of motions for particles
in relativistic theories of gravity, we present in this work
the explicit balanced equations of motion for a compact
object in general relativity in the harmonic gauge.
PACS numbers: 04.30.Db, 04.25.-g, 04.25.Dm,
04.70.Bw
1 Introduction
The excitement of witnessing this new era of gravita-
tional wave observations[2, 3, 4, 5, 6, 7, 8] coming from
binary black holes and binary neutron stars, poses also
the challenge to have at hand the most convenient mod-
els of the physical system, at every stage of their dy-
namics; in order to cope with the description of the
data acquisition, which is ever increasing. In particu-
lar we would like to contribute with models that are
useful for the description of the dynamics of coalescence
binary systems and their specific relation with the gravi-
tational emitted radiation. Our work concentrates in the
construction of equations of motion of compact objects,
subjected to the back reaction due to their emission of
gravitational radiation.
In reference [1] we have presented the general neces-
sary framework to construct balanced equations of mo-
tion for particle in general relativistic theories. In this
work we present this framework applied to the case of
general relativity in the harmonic gauge.
The target system we have in mind is a binary gravi-
tationally bound isolated interactive system. When con-
sidering a compact object as isolated, in the framework
of isolated spacetimes, one realizes that in general one
can ascribe a flat background to the spacetime. More
concretely, in the asymptotic region one can always write
the metric as
g = ηasy + hasy; (1)
where ηasy is a flat metric associated to inertial frames
in the asymptotic region and hasy the tensor where all
the physical information is encoded. But, there are as
many flat metrics ηasy as there are BMS[9, 10] proper su-
pertranslation generators. And also one knows that the
difficulties in finding appropriate rest frames comes from
the existence of gravitational radiation[11, 12, 13]. At
this point it is important to remark that we have shown
in the past that the way to circumvent this problem is
to recur to the notion of center of mass at future null
infinity. The notion of center of mass is in turn related
to the definition of angular momentum. We have solved
this problem in [14], where a supertranslation free def-
inition of intrinsic angular momentum was introduced
along with its related center of mass frame. In other
words, for each point at future null infinity, we have a
way to single out a unique decomposition of the met-
ric in the form (1), with an appropriately selected flat
background.
It is for this reason that gravitational radiation should
be the first quantity to be taken into account for the dis-
cussion of back reaction on the motion of compact ob-
jects. Therefore in calculating the appropriate equations
of motion for particles we take this as our starting point;
so that the root of the difficulties is taken care at the
beginning of our approach.
We adopt here the viewpoint explained in [1] in which
we assume there exists an exact metric g that corre-
sponds to an isolated binary system of compact objects;
which it can be decomposed in a form:
g = η + hA + hB + hAB; (2)
where η is a flat metric, hA is proportional to a param-
eter MA, that one can think is some kind of measure
of the mass of system A, similarly hB is proportional to
a parameter MB, and hAB is proportional to both pa-
rameters. To study the gravitational radiation emitted
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by the motion of particle A, we model the asymptotic
structure of a sub-metric
gA = η + hA; (3)
and to describe the rest of the system, we use a sub-
metric
gB = η + hB. (4)
For more details see article [1], where it is also explained
that the appropriate choice of the flat metric η should
be related to a local notion of center of mass frame.
Although we will be studying the dynamics of system
A, to simplify the notation we will avoid using a subindex
A, whenever possible.
We present in the next section the problematic of the
interior region. Then, in section 3 we present the ingre-
dients of the exterior asymptotic problem. A discussion
of the relation between these two topics is presented in
section 4. The balanced equations of motion calculated
in the harmonic gauge are introduced in section 5. In the
last section we make some final remarks on the subject of
this work. Some auxiliary relations have been included
in an Appendix.
2 The interior problem
The subject of the interior problem is treated through
the approximation based on the relaxed covariant form
of the field equations, as studied in [15].
When solving the relaxed field equations we use as
background a flat background with metric η. The re-
laxed solutions is further restricted to satisfy a dynami-
cal equation on an auxiliary metric g(B), that takes into
account the existence of the rest of the system, that we
call B.
We start by presenting a summary of its elements.
2.1 The decomposition of the metric
The study of the particle paradigm can be decomposed
in an interior problem and an asymptotic problem. In
the interior problem one studies the determination of
the spacetime geometry in terms of the dynamics of the
binary system. The basic assumption takes the total
metric as consisting of a flat background metric plus a
correcting terms that has the information of the system.
In what follows we present the basic equations that de-
scribe the interior problem in terms of a general back-
ground metric η˜; not necessarily flat.
Let us express the metric gab of the spacetime M in
terms of a reference metric η˜ab, such that
gab = η˜ab + hab; (5)
where we use Latin indices to denote abstract indices.
Let ∂a denote the torsion free metric connection of η˜ab
and ∇a the torsion free metric connection of gab; then
one can express the covariant derivative of an arbitrary
vector v by
∇avb = ∂avb + Γ ba cvc; (6)
and one can prove that
Γ ca b =
1
2
gcd (∂ahbd + ∂bhad − ∂dhab) = Γ cb a. (7)
The relation between Γ and the curvature tensor can
be calculated from
[∇a,∇b]vd = Θ dabc vc+(
∂aΓ
d
b c − ∂bΓ da c + Γ da e Γ eb c − Γ db e Γ ea c
)
vc
= R dabc v
c;
(8)
where Θ is the curvature of the ∂a connection. Then the
Ricci tensor can be calculated from
Rac ≡ R babc
= Θac + ∂aΓ
b
b c − ∂bΓ ba c + Γ ba e Γ eb c − Γ bb e Γ ea c;
(9)
where Θac is the Ricci tensor of the connexion ∂a.
2.2 The field equations in relaxed covari-
ant form
Let us consider four independent auxiliary functions xµ,
with µ = 0, 1, 2, 3. Then let us observe that
gab∇a∇bxµ = gab∇a∂bxµ = gab∂a∂bxµ − gabΓ ca b∂cxµ.
(10)
Then, if I eµ denotes the inverse of ∂cx
µ, which exists by
assumption of the independence of the set xµ, one has
gabΓ ca b =
(
gab∇a∇bxµ − gab∂a∂bxµ
)
I cµ = H
µI cµ ; (11)
where we are using
Hµ = −gab∇a∇bxµ + gab∂a∂bxµ. (12)
Alternatively, let us define the gauge vector
H
c = HµI cµ ; (13)
which implies
Hµ = ∂cx
µ
H
c = H (xµ); (14)
then one has
gabΓ ca b = H
c. (15)
Then the Ricci tensor can be expressed by
Rac = Θac +
1
2
gbd (Θ ebad hec +Θ
e
bcd hea + 2Θ
e
bca hed)
+
1
2
gbd∂b∂dhac − ∂(a
(
gc)eH
e
)
+ gedΓ
e
a cH
d
− gbfgedΓ da fΓ eb c −
1
2
(
Γ bda Γbcd + Γ
bd
c Γbad
)
.
(16)
The field equations are
Rac = −8piκ
(
Tac − 1
2
gacg
bdTbd
)
. (17)
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In writing equation (16) in a coordinate frame, with-
out any reference to η˜, one would obtain the analo-
gous expression without the Θ terms, and where all the
appearance of ∂ derivatives are replace by coordinate
derivatives.
Alternatively one can use the form of the field equa-
tions in terms of a slight different logic.
If we use the expression of the Ricci tensor as given
by (16) in (17), namely
1
2
gbd∂b∂dhac − ∂(a
(
gc)eH
e
)
+ gedΓ
d
a cH
e
+Θac +
1
2
gbd (Θ ebad hec +Θ
e
bcd hea + 2Θ
e
bca hed)
− gbfgedΓ da fΓ eb c −
1
2
(
Γ bda Γbcd + Γ
bd
c Γbad
)
=− 8piκ
(
Tac − 1
2
gacg
bdTbd
)
;
(18)
we will refer to this as the relaxed field equations [16],
where one has not assumed that H c is gabΓ ca b.
Using the standard harmonic gauge technique, one
would say: solve the relaxed field equation in the coordi-
nate frame, with Hµ = 0, and then require the equation
gbd∇b∇dxµ = 0. (19)
In the standard approach one makes use of coordinate
basis; therefore the previous statement would be the
complete story. However in our case, Hµ has a second
term where two covariant derivatives of xµ with respect
to the metric η appears. At this point it is important to
notice that if we have the solutions xµ from (19) then,
on constructing η with these as a Cartesian coordinate
system, one would obtain Hµ = 0.
In some occasions it is preferable to work with a dif-
ferent set of equations. In this respect, several authors
have indicated that actually to request equation (19) is
equivalent[17, 18, 16] to demand
gab∇aTbc = 0. (20)
When dealing with Einstein equations in the relaxed
form, and treating the vacuum case, equation (20) is
understood as the condition that the divergence of the
Einstein tensor must be zero (which of course is identi-
cally zero in the non relaxed form).
In reference [15] we have related this approach to
the results of Friedrich[19]. We have also indicated in
this reference how to set up an iterative approximation
scheme to solve the field equations.
The first order correction for the metric is calculated
from
1
2
ηbd∂b∂dh
(1)
ac = −8pi
(
T
(0)
ab −
1
2
ηab η
cdT
(0)
cd
)
; (21)
where we are using geometric units.
2.3 The gravitational field from one par-
ticle in first order
Let us consider a massive point particle with mass MA
describing, in a flat space-time (M0, ηab), a timelike
world line curve C which in a Cartesian coordinate sys-
tem xa reads
xµ = zµ(τ0), (22)
with τ0 meaning the proper time of the particle along C.
The unit tangent vector to C, with respect to the flat
background metric is
v
µ =
dzµ
dτ0
, (23)
that is,
η(v,v) = 1. (24)
Now, for each pointQ = z(τ0) of C, we draw a future null
cone CQ with vertex in Q. If we call x
µ
P the Minkowskian
coordinates of an arbitrary point on the cone CQ, then
we can define the retarded radial distance on the null
cone by
r = vµ (x
µ
P − zµ(τ0)) . (25)
The energy momentum tensor T
(0)
ab of a point particle
is proportional to mvavb; where m is the mass and v
a its
four velocity. We are distinguishing between the unit
tangent vector va, with respect to the metric η, and the
four velocity vector va, because we would like to consider
the possibility to normalize the vector v with respect to
a different metric. In order to represent a point particle
T
(0)
ab must also be proportional to a three dimensional
delta function that has support on the world line of the
particle.
We will assume that the particle does not have multi-
polar structure. Then, given an arbitrary Minkowskian
frame (x0, x1, x2, x3), we will express the energy momen-
tum by
Tab(x
0 = z0(τ), x1, x2, x3) = M va(τ) vb(τ)
δ(x1 − z1(τ))δ(x2 − z2(τ))δ(x3 − z3(τ))√
− det g(3)
;
(26)
where τ is the chosen parametrization.
Then, for a source of the form (26), independently
of the parametrization, the solution to the linear field
equation is
h
(1)
ab = −4MA
vavb − 12ηab
r
; (27)
so that in general
g
(1)
(A) ab =
(
1 +
2MA
r
)
ηab − 4MA
r
vavb. (28)
In these equations we have considered the definition
va ≡ ηabvb; (29)
however it should be emphasized that the vector vb is not
normalized with the flat metric η as we will see below.
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It is curious that the inverse of this first order metric
can be calculated exactly; namely
g(1)ab =
1
1 + 2MA
r
ηab +
4MA
r
1− ( 2MA
r
)2 vavb; (30)
if the vector field va is normalized with η, and
g(1)ab =
1
1 + 2MA
r
ηab
+
4MA
r(
1 + 2MA
r
)[
1− 2MA
r
(2η(v, v)− 1) ]vavb;
(31)
if η(v, v) 6= 1. In any case, at first order these two ver-
sions of the inverse coincide.
2.4 Lowering and raising indices for the
velocity vectors and normalization
conditions
We require
1 = g(B) abv
a
(A) v
b
(A)
=
(
ηab + h(B) ab
)
v a(A) v
b
(A) ,
(32)
and therefore
v(A)b v
b
(A) = ηabv
a
(A) v
b
(A) = 1− h(B) abv a(A) v b(A) . (33)
Let us note that the two velocity vectors are propor-
tional
vb = Υvb. (34)
So that one has
1 = gB(v, v) = Υ
2gB(v,v) = Υ
2
(
1 + hB(v,v)
)
; (35)
which gives Υ in terms of v and gB.
For later reference, we will use τ to denote the proper
the with respect to metric gB and τ0 for the symbol of
the proper time with respect to the metric η.
2.5 Local dynamics at zero order in back
reaction
The expression for the momentum and the local dynam-
ics at zero order has been discussed in [1]. We here just
mentioned the fundamental expressions.
Let e bc be a frame basis (an orthonormal frame with
respect to metric g(B)); where, as before, we are dis-
tinguishing between the abstract indices (a, b, c, ..) and
the numeric frame indices (a, b, c, ...) and let θ
c
b be its
coframe. Then the local notion of momentum for particle
A is given by
P(A)c = MAg(B)(v(A), ec). (36)
The local dynamics, at zero order in back reaction due
to gravitational radiation, is determined by
MA g(B)ab
(
v e(A)∇(B)e(v a(A) )e bc
)
= 0. (37)
When considering below the effects of back reaction, the
right hand side will turn different from zero.
3 The exterior asymptotic
problem
3.1 Total momentum
Given any section S at future null infinity, the total mo-
mentum of a generic spacetime, in terms of an inertial
(Bondi) frame[10], is normally given by
Pµ = − 1
4pi
∫
S
lˆ
µ
0 (Ψ
0
2 + σ0 ˙¯σ0)dS
2, (38)
where the auxiliary null vector lˆ0(x
2, x3), is defined in
terms of the angular coordinates (x2, x3), by
lˆν0 (x
2, x3) ≡
(
1, sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)
)
=
(
1,
ζ + ζ¯
1 + ζζ¯
,
ζ − ζ¯
i(1 + ζζ¯)
,
ζζ¯ − 1
1 + ζζ¯
)
;
(39)
where µ, ν, · · · = 0, 1, 2, 3, and we are using either the
standard sphere angular coordinates (θ, φ) or the com-
plex angular coordinates ζ = xˆ
2+ixˆ3
2 , where (ζ, ζ¯) are
complex stereographic coordinates of the sphere; which
are related to the standard coordinates by ζ = eiφ cot( θ2 );
and here a dot means ∂
∂u˜
; i.e. the partial derivative with
respect to the inertial asymptotic time u˜, Ψ02 is a com-
ponent of the Weyl tensor in the GHP[20] notation and
σ0 is the leading order behavior of the spin coefficient σ
in terms of the asymptotic coordinate rˆ. So the set of
intrinsic inertial coordinates are (u˜, θ, φ) or (u˜, ζ, ζ¯).
3.2 The total momentum and flux from
charge integrals
The total momentum for the monopole particle can be
calculated using the charge integral QS of the Riemann
tensor technique as explained in [1]. In this subsection
we will use the notation of reference [14] to reproduce
the essential equations of our first work.
Using the equations of reference [20] one can obtain
expressions for the asymptotic fields with respect to an
inertial reference frame: the radiation field
Ψ3 =
ð0σ
′
0
r2
+ O(
1
r3
), (40)
the relation between the leading order behavior of the
shear and primed shear
σ˙0 = −σ¯′0, (41)
the time derivative of the leading order behavior of Ψ2
Ψ˙02 = ð0Ψ
0
3 + σ0Ψ4, (42)
and the leading order behavior of the radiation compo-
nent
Ψ04 = σ˙
′
0. (43)
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In the calculation for the flux of the momentum one
takes w2 = 0, and obtains[1]:
Q˙S(w) =4
∫
[2w1(σ¯
′
0σ
′
0)] dS
2 + c.c. (44)
Therefore we can encode the radiation flux of momentum
in terms of the (σ′0σ¯
′
0) factor; which is gauge invariant as
discussed in [1].
It follows that the time variation of the Bondi momen-
tum, of a generic spacetime, can be expressed by
P˙µ = − 1
4pi
∫
S
lˆ
µ
0 σ
′
0 σ¯
′
0 dS
2 ≡ −Fµ; (45)
that is, Fµ is the total momentum flux.
Normally one expresses the dynamics in terms of the
proper time of the particle. As explained in reference [1]
the relation between the asymptotic inertial time u˜ and
the dynamical time u can be expressed as
∂u˜
∂u
= V˜ (u, ζ, ζ¯) > 0, (46)
that is, in terms of the time derivative of the inertial time
u˜ with respect to the non-inertial time u. This in turn
introduces the new information in the scalar V˜ (u, ζ, ζ¯);
which will appear in the new expressions.
Then the time derivative of the total momentum with
respect to the new dynamical time is given by
dPµ
du
= − 1
4pi
∫
S
lˆ
µ
0 V˜ σ
′
0 σ¯
′
0 dS
2 = −FµV ; (47)
where now FµV is the instantaneous momentum flux with
respect to the time u. Therefore, when considering non-
inertial times, one only needs to calculate the radiation
scalar σ′0 to evaluate the flux of gravitational radiation.
4 The link between the interior
and asymptotic problem
4.1 Preliminary considerations
It is appropriate at this point to recall the experience
gained in the case of charged particles in Minkowski
spacetime. Forcing the equation of motion to balance
the electromagnetic radiation we have derived[21] a new
general equation of motion that in a particular case gives
well known Lorentz-Dirac equations of motion.
We will now apply the notion of balance equations of
motion to the case of a binary system in general relativ-
ity.
So the technique is as follows. We know that the
asymptotic equations imply the balance of Bondi total
momentum with the total flux of momentum at future
null infinity. We use this as a tool to find the correct cor-
rection to the zero order equations of motion that would
satisfy this balance equation.
Also, let us note that the equations must be local, in
the sense that the corrections must be expressed in terms
of local quantities describing the geometry and the mo-
tion. These restrictions leads us to a natural first order
correction to the equations of motion that we describe
below.
4.2 The Asymptotic structure
We have indicated above that in these kind of approx-
imations one should not focus on the concept of spin
coefficient σ, but instead should consider as more repre-
sentative of the radiation content the spin coefficient σ′;
since, independent of the gauges one always have
σ′0 =
1
2
∂h0m¯m¯
∂u˜
; (48)
and
Ψ04 =
∂σ′0
∂u˜
; (49)
where u˜ is an asymptotic inertial null retarded coordi-
nate.
Let us review here the set of dynamical times one could
use. Several of the asymptotic equations are presented in
terms of an inertial frame, which uses the inertial asymp-
totic time u˜. However, since the interior dynamics is ei-
ther presented in terms of the proper times τ or τ0, other
null coordinates naturally appear that we mention next.
The asymptotic null function u is defined so that at
zero order in the strength of gravitational radiation λ[1]
it agrees with the proper time, i.e. u = τ . However,
when gravitational radiation effects are considered then
du
dτ
becomes a new degree of freedom of the problem.
Among the two natural dynamical times we have the
relation Υ d
dτ0
= d
dτ
(see equation (34) above.).
The tensor h for a one particle system is:
h
(1)
ab = −4MA
vavb − 12ηab
r
. (27)
So that the components with respect to the inertial null
tetrad vectors are:
hll = hab lˆ
a lˆb = −4MA
r
Υ2V 2η , (50)
hlm = −4MA
r
Υ2Vηð0Vη, (51)
hln = −2MA
r
(
Υ2VηVη− − 1
)
, (52)
hmm = −4MA
r
Υ2(ð0Vη)
2, (53)
hmm¯ = −4MA
r
(
Υ2ð¯0Vηð0Vη +
1
2
)
, (54)
hnm = −2MA
r
Υ2Vη−ð0Vη, (55)
hnn = −MA
r
Υ2V 2η−; (56)
and the complex conjugate deduced from them. The
details of the notation are described in the appendix.
However we should also remark that the asymptotic ra-
dial coordinate r is defined with respect to the intrinsic
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system; and that one has the relation r = Vη rˆ + O(rˆ
0);
so that
1
2
h0m¯m¯ = −2MΥ
2
Vη
(ð¯0Vη)
2; (57)
and therefore
σ′0 = −4MA
(Υ2
Vη
ð¯0
˜˙
Vη ð¯0Vη +
Υ
Vη
˜˙Υ
(
ð¯0Vη
)2
− 1
2
˜˙
Vη
Υ2
V 2η
(ð¯0Vη)
2
)
;
(58)
where a tilde dot means ∂
∂u˜
; i.e. derivative with respect
to the asymptotic inertial time u˜.
Relating this calculation of the radiation field with
the general discussion of balanced equations of motion
presented in our previous article, it is clear that this
expression should be understood as being evaluated at
the retarded time u with respect to the first order metric
gA; although actually it has been evaluated at the flat
background retarded time. Then, taking into account
the general relation (46) one can also express
˜˙
Vη =
V˙η
V˜
=
du
dτ
V˙η
V
=
dVη
dτ
V
; (59)
where now a dot means ∂
∂u
; i.e. derivative with respect
to the asymptotic intrinsic time u, and with the new
notation
V =
∂u˜
∂τ
. (60)
Employing the proper time τ0, one can also express
˜˙
Vη =
dVη
dτ0
V0
; (61)
where we are using the notation
V0 =
∂u˜
∂τ0
. (62)
Similarly, we can express
˜˙Υ =
dΥ
dτ0
V0
. (63)
Then, one can write the radiation field in terms of τ0
as
σ′0 = −4MA
(
Υ2
Vη
ð¯0
( dVη
dτ0
V0
)
ð¯0Vη +
Υ
Vη
dΥ
dτ0
V0
(
ð¯0Vη
)2
− 1
2
dVη
dτ0
V0
Υ2
V 2η
(ð¯0Vη)
2
)
.
(64)
In this expression it should be observed that V0 = Vη +
O(λ); since when no gravitational radiation effects are
present, the structure of the asymptotic spacetime agrees
with that of an stationary spacetime, and so there is one
preferred asymptotic flat background metric, and in this
situation one chooses the interior flat background metric
to agree with the asymptotic one; which coincides with
the center of mass reference frame in both regimes. In
this way translations in the interior would agree with
translations in the asymptotic region. Then since, the
radiation field σ′0 is by definition order λ; we can use at
first order in gravitational radiation the expression
σ′0 = −4MA
(
Υ2
Vη
ð¯0
( dVη
dτ0
Vη
)
ð¯0Vη +
Υ
Vη
dΥ
dτ0
Vη
(
ð¯0Vη
)2
− 1
2
dVη
dτ0
Vη
Υ2
V 2η
(ð¯0Vη)
2
)
.
(65)
This is the expression that is useful for further calcu-
lations of the equation of motion, since it is already in
terms of the flat proper time, and Minkowskian quanti-
ties.
5 Balanced particle dynamics
Following our previous work, we define the flux vector
with respect to the proper time τ0 as:
F
µ
0 = −
1
4pi
∫
S
lˆ
µ
0 V0 σ
′
0 σ¯
′
0 dS
2; (66)
where we use the definition (62). So that at lowest order
we can just express it as:
F
µ
0 = −
1
4pi
∫
S
lˆ
µ
0 Vη σ
′
0 σ¯
′
0 dS
2. (67)
Then, as explained in our previous work, the equation
of motion in the final form is:
MA
(
v
a∂a v
b+γ ba c v
a
v
c+
( 1
Υ
dΥ
dτ0
+
w
Υ
)
v
b
)
=
1
χΥ
F
µ
0 .
(68)
when expressed in terms of the τ0 dynamical time.
Contracting this equation with ηbdv
d gives
MA
(
γ ba c v
a
v
c ηbdv
d +
1
Υ
dΥ
dτ0
+
w
Υ
)
=
1
χΥ
F
b
0ηbdv
d;
(69)
and it remains the equation of motion
MA a
b = MA f
b
⊥ +
1
χΥ
F
d
0
(
η bd − vdvb
)
; (70)
where we are using the notation:
a
a ≡ vb∂bva, (71)
and
f
b
⊥
≡ −γ da c va vc
(
η bd − vdvb
)
; (72)
which, it should be remarked, only depends on the back-
ground geometry gB and v.
Equation (69) is understood as an equation for w. The
main dynamical equation is then (70); where the possi-
ble degree of freedom χ depends on the detail nature of
gauge being used. In our case, if we call u′ the asymp-
totic coordinate associated to the interior time τ0; then,
6
in the isolated case, in the harmonic gauge, at the first
order, a null function u∗ will be asymptotically defined
by a relation of the form u′ = u∗ + r∗(r), as is known
from the Schwarzschild case. But what is important in
our case is that asymptotically one has du′ = du∗, at
fixed r. It is reasonable to assume this behavior in this
setting, so that we take χ = 1 in our model.
Let us note that these balanced equations of motion
indicate that the back reaction due to gravitational ra-
diation is described by the force Fd0, which in turn is de-
termined by σ′0, that is given in terms of the mechanical
information of the particle. So, although the equations
of motion are completely specified, they are complicated
enough that we plan to calculate them numerically; when
applying the model to specific systems.
6 Final comments
In this work we have presented the equations of mo-
tion for particles that take into account the first order
back reaction due to gravitational radiation, using the
framework of general relativity, with Hilbert-Einstein
field equations, in the harmonic gauge. We have used in
this work for the submetric gA the structure that comes
from the first order iteration of the field equations; but
our work can be extended to higher orders. This is the
natural first calculation of the balanced equations of mo-
tion approach, we have presented in [1]; since most of the
literature dealing with equations of motion use the har-
monic gauge, as for example in classical post-Newtonian
works. In order to build a model with grater predict-
ing power, we need to develop our equations of motion
to higher orders. The complicated extension to higher
order calculations of our work will be presented in the
future.
One of the points to be remarked is the identification
between the interior center of mass flat background met-
ric, with the asymptotic center of mass flat metric in the
asymptotic region. This plays a central conceptual role
in our approach; but this point is completely missing in
other works on the subject of equations of motion.
We plan to apply these equations of motion to a vari-
ety of physical systems, including the observed gravita-
tional wave data.
It is a priori difficult to advance in what regime our ap-
proach should or should not compare with previous ones
as for example post-Newtonian approaches; since the
starting points are completely different, and our model is
designed to deal at first order with back reaction of grav-
itational radiation. Also, because our equations are still
relativistic, in terms of individual proper times; instead
of the universal time approach for the post-Newtonian
works. In [22] we have presented a technique to cal-
culate retarded effects on flat background to arbitrary
precision; that we intend to apply to this model. This is
another difference with the classical post-Newtonian ap-
proach, in which the calculation of the retarded effects
are related to the particular order of the approximation.
Before applying our model to specific cases, it is difficult
to forecast a qualitative comparison with the classical
post-Newtonian approach. But in any case, we would
like to study the comparison in detail.
In a future work we will present the corresponding bal-
anced equations of motion in general relativity in the null
gauge; where it will be clear that the approach changes
completely, but that all the general considerations pre-
sented in [1] also apply.
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A Interior reference frames at our
disposal
In what follows we mention some reference frames and
coordinates we have at our disposal to carry out the cal-
culation of the back reaction to the particle due to the
gravitational radiation emitted.
A.1 Relations among coordinates and
null vectors in the flat background
The inertial system
Let us denote with yµ the standard Cartesian co-
ordinates and with (xˆ0 = uˆ, xˆ1 = rˆ, xˆ2, xˆ3), where
(xˆ2, xˆ3) = (θ, φ) or ζ = xˆ
2+ixˆ3
2 , the corresponding null
polar coordinates; then, the relation between them is
given by
yµ = uˆ δµ0 + rˆ lˆ
µ(ζ, ζ¯); (73)
with
lˆµ(ζ, ζ¯) = lˆµ0 (ζ, ζ¯); (74)
defined in (39).
The intrinsic non-inertial system
Let zµ(τ0) be the evolution of the particle with proper
time τ0. We define a null function u
′ as the future null
cones emanating from zµ(τ0), such that u
′ = τ0 at the
world line of the particle.
If (x0 = u′, x1 = r, x2, x3), where (x2, x3) = (θ′, φ′) or
ζ′ = x
2+ix3
2 , are the null polar coordinates adapted to
an arbitrary timelike curve, determined by z(u′)µ, then
one has
yµ = zµ(u′) + r lµ(u, ζ′, ζ¯′). (75)
Note that
(yµ − zµ(u′))lµ = r lµlµ = 0, (76)
and that
(yµ − zµ(u′))vµ = r lµvµ = r; (77)
so that
l
µ =
yµ − zµ(u′)
(yν − zν(u′))vν . (78)
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Note also that
∂r
∂yν
=δµνvµ − vµ
∂u′
∂yν
vµ + (y
µ − zµ(u′))aµ ∂u
′
∂yν
=vν + ((y
µ − zµ(u′))aµ − 1) ∂u
′
∂yν
.
(79)
Also we have
δµν = v
µ ∂u
′
∂yν
+
∂r
∂yν
l
µ + r
∂lµ
∂yν
; (80)
which implies
lµδ
µ
ν = lν =
∂u′
∂yν
+ rlµ
∂lµ
∂yν
=
∂u′
∂yν
.
(81)
Therefore we have
∂u′
∂yν
= lν , (81)
and
∂r
∂yν
= vν + ((y
µ − zµ(u′))aµ − 1) lν ; (82)
which are needed for the derivatives of hab with respect
to intrinsic coordinates.
Given a fixed point yµ one has to take different space-
like directions, and therefore different angular coordi-
nates, for the two null vectors to reach the fixed point.
But, if given a particular future null cone determined
by the apex z(u′), one also chooses an inertial frame
with origin at this apex, then, from equations (73) and
(75) one deduces that at this cone the two null vectors
l
µ(u, ζ′, ζ¯′) and lˆµ0 (ζ
′, ζ¯′) must be proportional; so that
l
µ(u, ζ′, ζ¯′) = α(u, ζ′, ζ¯′)lˆµ0 (ζ
′, ζ¯′); (83)
with α > 0. But then we have
1 = lµvµ = αlˆ
µ
0vµ; (84)
which implies that
1
α
= Vη, (85)
with
Vη ≡ lˆµ0vµ, (86)
and also
l
µ(u, ζ′, ζ¯′) =
1
Vη(u, ζ′, ζ¯′)
lˆ
µ
0 (ζ
′, ζ¯′). (87)
A.2 The other null tetrad vectors in the
flat background
The inertial frame
Let us define the complex vector
mˆ =
√
2P0
rˆ
∂
∂ζ
, (88)
and let us act on the Cartesian coordinates; so that
mˆ(yµ) = mˆµ = mˆ(rˆlˆµ) = rˆmˆ(lˆµ) = rˆ
√
2P0
rˆ
∂lˆµ
∂ζ
= ð0(lˆ
µ);
(89)
where we recall that ð0 is the edth operator in the
GHP[20] notation for the unit sphere. Therefore, we
see that the definition (88) agrees with the simple recipe
mˆµ(ζ, ζ¯) = ð0
(
lˆµ(ζ, ζ¯)
)
. (90)
Let us also note that
0 = ð0(lˆ
µlˆµ) = 2ð0(lˆ
µ)lˆµ; (91)
so that it agrees with the orthogonality condition be-
tween lˆ and mˆ.
It remains to see if one could express the other null
tetrad vector nˆ also in terms of the initial expression for
lˆµ. Let us consider an expression of the form
nˆµ(ζ, ζ¯) = αlˆµ(ζ, ζ¯) + βð¯0ð0 lˆ
µ(ζ, ζ¯); (92)
for local coefficients α and β that we set next.
Let us recall that the operator edth satisfies the prop-
erty
ð¯0ð0Ylm = − l(l+ 1)
2
Ylm; (93)
so that
ð¯0ð0 lˆ
i = −lˆi; (94)
for i = 1, 2, 3. Then since,
∑
i
(lˆi)2 = 1; (95)
one has
lˆµð¯0ð0 lˆ
µ = 1; (96)
which indicates that one must take β = 1. Then, the
positive α is set by the condition that nˆ must be null; so
that
0 = 2αβlˆµð¯0ð0 lˆ
µ + β2(−
∑
i
(lˆi)2) = 2α− 1; (97)
so that
nˆµ(ζ, ζ¯) =
1
2
lˆµ(ζ, ζ¯) + ð¯0ð0 lˆ
µ(ζ, ζ¯). (98)
It is convenient at this point to note the difference
between the scalar
Vη = lˆ
µ
vµ, (86)
and
VM ≡ lˆµv(τ)µ; (99)
with τ the proper time with respect to the first order
background metric gB, for the case of the binary system
(A,B). Let us emphasize that the velocity vectors are
proportional, as indicated in (34), so that
VM = ΥVη. (100)
8
We see then that
vµmˆ
µ = ð0VM ; (101)
while
vµnˆ
µ =
1
2
V−; (102)
where V− = VM (−vi); that is, it is the corresponding VM
for which the spacelike components vi of the velocity vµ
have been replaced by their negative values. We also
define the corresponding Vη− = Vη(−vi), so that one
can also write
vµnˆ
µ =
Υ
2
Vη−. (103)
Let Aa and Ba be any two vector fields that do
not depend on the angular variables, and let us define
A = lˆµAµ and B = lˆ
µBµ. Then, calculating the scalar
product of the two vectors one obtains
ηabA
aBb =
(
lˆµnˆν + nˆµ lˆν − mˆµ ¯ˆmν − mˆµ ¯ˆmν)AµBν
=AB +A ð¯0ð0B +B ð¯0ð0A− ð0A ð¯0B
− ð¯0Að0B;
(104)
which is a very useful equation that is used frequently;
as for example in the components of hab in terms of the
null tetrad base. In particular we have
1 = V 2η + 2Vη ð¯0ð0Vη − 2ð0Vη ð¯0Vη, (105)
and
Υ2 =V 2M + 2VM ð¯0ð0VM − 2 ð0VM ð¯0VM
=VM V− − 2 ð0VM ð¯0VM ;
(106)
from which
ð¯0ð0VM =
1
2
(
V− − VM
)
; (107)
without forgetting (100).
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